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Abstract

For a multivariable q-series called Jackson integral associated with irreducible reduced

root systems, a sufficient condition for convergence of it with respect to parameters is

given. Its asymptotic behavior as a function of its parameters is studied. For its application,

we give another proof of G2-type summation formula investigated by Gustafson in an

appendix.

r 2003 Elsevier Inc. All rights reserved.

1. Introduction

In the previous paper [8], we defined the Jackson integral associated with
irreducible reduced root system. It is a natural multivariable extension of both the
Ramanujan’s 1c1 sum
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and Bailey’s very-well-poised 6c6 sum
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Gustafson [4] established multidimensional q-series generalization of Bailey’s 6c6

summation formula corresponding to simple Lie algebras. On the other hand,
Aomoto [1] extended q-Selberg integral to a sum (q-series) which has a symmetry of
Weyl group of irreducible reduced root system. Gustafson’s sums and Aomoto’s
sums are very similar. Indeed, By using Gustafson’s Cn-type sum, van Diejen [11]
proved a summation formula for his BCn-type sum, which includes Aomoto’s Bn and
Cn-type sums as special cases. One of motivations of considering our Jackson
integrals, which include most of their sums, is to treat their summation formulas
together. Their multivariable q-series can be expressed as a product of q-gamma
function and a Jacobi elliptic theta function. We discussed in [8] when the Jackson
integral can be expressed as a product of the theta functions. See Proposition 1
including a summation formula for F4-type [9] which seems to be new. See also
Theorem A.3.

But first of all, in order to carry out the program outlined above, the Jackson
integral under consideration should converge. Since it is an infinite sum over a
lattice, we fail to define it if it diverges. We give a sufficient condition for its
convergence with respect to parameters. See Theorem 4 in Section 3. This is one of
the main results of this paper. It also assures the convergence of a q-series, which we
call the Macdonald type sum in this paper, essentially introduced by Macdonald [10],
who showed the relation between Aomoto’s sum and the q-Macdonald–Morris
identity investigated by Cherednik [2] and many others. Technically speaking,
as we shall see in Appendix later, for evaluation of Jackson integral, our method
needs repeated use of its difference equation with respect to parameters
and its asymptotic behavior. In this process, however, it is important to keep
the parameters within the convergence region of Jackson integral when we take
parameters away to infinity, even if the sum is well-defined in the region. We
have to choose a good direction of parameter shift. We show its asymptotic
formula (see Theorem 6 in Section 4), which is another main result of this paper. This
formula is interesting by itself. See also Proposition 5. As an example of its
applications, we give another proof of Gustafson’s G2-type summation formula in
Appendix.

Throughout this paper, we assume 0oqo1 and use notation ðaÞ
N
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2. Definition of Jackson integral

Let R be an irreducible reduced root system, spanning a real vector space E of
dimension n; and let /�; �S be a positive definite scalar product on E invariant under

the Weyl group W of R: We denote by Rþ the set of positive roots relative to a fixed
basis fa1;y; ang of R: For each aAR; let a3 ¼ 2a=/a; aS: Let P be the coweight

lattice fwAE;/a; wSAZ for any aARg and let Q be the coroot lattice of R defined
by Q ¼ Za31 þ?þ Za3n CP: Let L be any sublattice of P of rank n: We assume L is

W -stable, i.e., L ¼ wL for wAW : The scalar product /�; �S is uniquely extended
linearly to EC ¼ E#RCCCn: For xAEC; we define

FRðb1;y; bs; c1;y; cl ; xÞ ¼FRðfbig; fcjg; xÞ

:¼
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where s; lAZX0; bi; cjAC and a40 means aARþ: If all roots aAR have the

same length, we regard the roots as all short. We denote by DRðxÞ the Weyl
denominator as

DRðxÞ :¼
Y
a40

ðq
1
2
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2
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Let UwðxÞ be a function defined by
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where yðxÞ :¼ ðxÞ
N
ðq=xÞ

N
: The function yðxÞ has the quasi-periodicity

yðqxÞ ¼ �yðxÞ=x: ð3Þ

This gives the following formula which shall be used in Section 4:

yðqNxÞ ¼ ð�1ÞNx�Nq�NðN�1Þ=2yðxÞ: ð4Þ

From (3), we see the function UwðxÞ is a pseudo-constant, i.e., an invariant under the
shift x-x þ w for wAP:
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For wAW ; we define wFðxÞ :¼ Fðw�1xÞ for a function FðxÞ of xAEC: The
function FRðfbig; fcjg; xÞ is quasi W-symmetric with respect to W :

wFRðfbig; fcjg;xÞ ¼ UwðxÞFRðfbig; fcjg; xÞ for wAW : ð5Þ

The Weyl denominator DRðxÞ changes by the action of W as

wDRðxÞ ¼ sgn w DRðxÞ: ð6Þ

For zAEC; we now define the Jackson integral associated with R as

JRðfbig; fcjg;L; zÞ :¼
X
wAL

FRðfbig; fcjg; z þ wÞDRðz þ wÞ: ð7Þ

By definition, the Jackson integral JRðfbig; fcjg;L; zÞ is obviously invariant under

the shift z-z þ w for wAL:

JRðfbig; fcjg;L; z þ wÞ ¼ JRðfbig; fcjg;L; zÞ: ð8Þ

For the subsequent sections, we state some facts about the Jackson integral
JRðfbig; fcjg;L; zÞ (see [1,7,8,10] for the detail). Let YRðfbig; fcjg; zÞ be a function

defined by

YRðfbig; fcjg; zÞ

:¼
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a:short
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The following propositions hold for L ¼ P or Q:

Proposition 1. For L ¼ P or Q; the sum JRðfbig; fcjg;L; zÞ is expressed as

JRðfbig; fcjg;L; zÞ ¼ CRðfbig; fcjg;LÞYRðfbig; fcjg; zÞ; ð9Þ

where CRðfbig; fcjg;LÞ is a constant not depending on zAEC; if and only if

s ¼ 1 for An; Dn; E6; E7 and E8-type,
ðs; lÞ ¼ ð1; 1Þ or ð2n � 1; 0Þ for Bn-type,

ðs; lÞ ¼ ð1; 1Þ or ð0; nþ1
2
Þ for Cn-type if n is odd,

ðs; lÞ ¼ ð1; 1Þ or ð4; 0Þ for G2-type,
ðs; lÞ ¼ ð1; 1Þ or ð3; 0Þ for F4-type.

Proposition 2. Assume that ðs; lÞ satisfies the condition in Proposition 1. Then the

following relation holds for L ¼ P or Q:

JRðfbig; fcjg;P; zÞ ¼ jP=QjJRðfbig; fcjg;Q; zÞ:

In particular,

CRðfbig; fcjg;PÞ ¼ jP=QjCRðfbig; fcjg;QÞ;
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where jP=Qj is the order of the fundamental group P=Q of R, so that

R An Bn;Cn;E7 Dn E6 G2;F4;E8

jP=Qj n þ 1 2 4 3 1

Proposition 3. If s ¼ 1 or ðs; lÞ ¼ ð1; 1Þ; the constant CRðb1; c1;QÞ is expressed as

CRðb1; c1;QÞ ¼
Y
a40
a:short
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;

where 2rk :¼ b1

P
a40
a:short

aþ c1
P

a40
a:long

a and da ¼ 1 if /rk; a
3S ¼ b1 or c1; and da ¼ 0

otherwise.

3. Convergence of Jackson integral

Let fw1;y; wng be the set of the fundamental coweights, i.e., /ai; wjS ¼ dij for all

i; j ¼ 1;y; n; where dij is the Kronecker delta.

Theorem 4. The sum JRðfbig; fcjg;L; zÞ converges if bi and cj satisfy
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0
BB@
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for k ¼ 1;y; n:

Proof. For simplicity we abbreviate FRðfbig; fcjg; xÞ to FRðxÞ: We denote by D the

set of dominant coweights defined by

D :¼ fwAP;/ai; wSX0 for i ¼ 1;y; ng: ð10Þ

Then we have LCP ¼
S

wAW wD: This implies that

jJRðfbig; fcjg;L; zÞjo
X
wAP

jFRðz þ wÞDRðz þ wÞj

o
X

wAW

X
wAwD

jFRðz þ wÞDRðz þ wÞj: ð11Þ
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By using the quasi-W -symmetry (5) of FRðxÞ; it follows thatX
wAwD

jFRðz þ wÞDRðz þ wÞj

¼
X
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From (11), (12), it is sufficient to establish thatX
wAD
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converges. By definitions (1) and (2), we have
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When wAD; from the explicit expression (14) of FRðxÞDRðxÞ; it follows that the
factor

Ys

i¼1

Y
a40
a:short

ðq1�biþ/a;zþwSÞ
N

ðqbiþ/a;zþwSÞ
N

Yl

j¼1

Y
a40
a:long

ðq1�cjþ/a;zþwSÞ
N

ðqcjþ/a;zþwSÞ
N

Y
a40

ðq/a;zþwS � 1Þ

��������

��������
in jFRðz þ wÞDRðz þ wÞj is bounded. Hence it is sufficient to establish the convergence
of the following part in (13):

X
wAD

jq
s�1
2

�
Ps

i¼1
bi

� �P
a:short40

/a;wSþ
�

l�1
2

�
Pl

j¼1
cj

�P
a:long40

/a;wSj

¼
XN

n1;y;nn¼0

Yn

k¼1

q
s�1
2

�
Ps

i¼1
bi

� �P
a:short40

/a;wkSþ
�

l�1
2

�
Pl

j¼1
cj

�P
a:long40

/a;wkS
� �nk

�����
�����

¼
XN

n1;y;nn¼0

Yn

k¼1

q
Re

s�1
2

�
Ps

i¼1
bi

� �P
a:short40

/a;wkSþ
�

l�1
2

�
Pl

j¼1
cj

�P
a:long40

/a;wkS

� � !nk

:

ð15Þ

ARTICLE IN PRESS
Masahiko Ito / Journal of Approximation Theory 124 (2003) 154–180 159



If the condition

Re
s � 1

2
�
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2
�
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0
BB@
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is satisfied, then (15) converges. This completes the proof. &

3.1. Examples

Throughout this section, let fe1;y; eng be the standard basis of Rn satisfying
/ei; ejS ¼ dij for all i; j ¼ 1;y; n:

3.1.1. Bn-type

*

Basis : a1 ¼ e1 � e2; a2 ¼ e2 � e3;y; an�1 ¼ en�1 � en; an ¼ en;

Fundamental coweights : w1 ¼ e1; w2 ¼ e1 þ e2; w3 ¼ e1 þ e2 þ e3;

y; wn ¼ e1 þ e2 þ e3 þ?þ en:

8><
>:

*

Positive short roots : ei ð1pipnÞ;
Positive long roots : ei7ej ð1piojpnÞ:

�

*

Highest root : e1 þ e2 ¼ a1 þ 2a2 þ 2a3 þ?þ 2an ðfor Lemmas 9; 10Þ;
Highest root in short roots : e1 ¼ a1 þ a2 þ?þ a4:

�

The sums of the positive short roots and the positive long roots are the following:X
a40
a:short

a ¼
Xn

i¼1

ei;
X
a40
a:long

a ¼ 2
Xn

i¼1

ðn � iÞei;

so that we haveX
a40
a:short

/a; wkS ¼ k;
X
a40
a:long

/a; wkS ¼ kð2n � 1� kÞ:

By Theorem 4, if ðs; lÞ ¼ ð1; 1Þ; a sufficient condition for convergence is

Reðb1 þ ðn � 1Þc1Þo0 and Reðb1 þ 2ðn � 1Þc1Þo0;

as we see from [7]. And if ðs; lÞ ¼ ð2n � 1; 0Þ; we have

Reðb1 þ?þ b2n�1Þo0;

which was mentioned in [6].
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3.1.2. G2-type

*

Basis : a1 ¼ e1 � e2; a2 ¼ �2e1 þ e2 þ e3;

Fundamental coweights : w1 ¼ 2a1 þ a2; w2 ¼ ð3a1 þ 2a2Þ=3:

�

*

Positive short roots : a1; a1 þ a2; 2a1 þ a2;

Positive long roots : a2; 3a1 þ a2; 3a1 þ 2a2:

�

*

Highest root : 3a1 þ 2a2 ðfor Lemmas 9; 10Þ;
Highest root in short roots : 2a1 þ a2:

�

The sums of the positive short roots and the positive long roots are the following:X
a40
a:short

a ¼ 4a1 þ 2a2
X
a40
a:long

a ¼ 6a1 þ 4a2;

so that we haveX
a40
a:short

/a; w1S ¼ 4;
X
a40
a:short

/a; w2S ¼ 2;
X
a40
a:long

/a; w1S ¼ 6;
X
a40
a:long

/a; w2S ¼ 4:

By Theorem 4, if ðs; lÞ ¼ ð1; 1Þ; we have a convergence condition as

Reð2b1 þ 3c1Þo0 and Reðb1 þ 2c1Þo0;

as we see in [7]. And if ðs; lÞ ¼ ð4; 0Þ; we have

Reð2ðb1 þ b2 þ b3 þ b4Þ � 1Þo0; ð16Þ

which was mentioned in [5].

3.1.3. F4-type

Since the root systems F4 and F3
4 are isomorphic with orthogonal transformation

[3, p. 806], we take a basis of F3
4 instead of that of F4:

*

Basis : a1 ¼ e2 � e3; a2 ¼ e3 � e4; a3 ¼ 2e4; a4 ¼ e1 � e2 � e3 � e4;

Fundamental coweights : w1 ¼ e1 þ e2; w2 ¼ 2e1 þ e2 þ e3;

w3 ¼ ð3e1 þ e2 þ e3 þ e4Þ=2; w4 ¼ e1:

8><
>:

*
Positive short roots : ei7ej ð1piojp4Þ;
Positive long roots : 2ei ð1pip4Þ; e17e27e37e4:

�

*

Highest root : 2e1 ¼ 2a1 þ 4a2 þ 3a3 þ 2a4 ðfor Lemmas 9; 10Þ;
Highest root in short roots : e1 þ e2 ¼ 2a1 þ 3a2 þ 2a3 þ a4:

�
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The sums of the positive short roots and the positive long roots are the following:X
a40
a:short

a ¼ 6e1 þ 4e2 þ 2e3;
X
a40
a:long

a ¼ 10e1 þ 2e2 þ 2e3 þ 2e4;

so that, we haveX
a40
a:short

/a; w1S ¼ 10;
X
a40
a:short

/a; w2S ¼ 18;
X
a40
a:short

/a; w3S ¼ 12;

X
a40
a:short

/a; w4S ¼ 6;
X
a40
a:long

/a; w1S ¼ 12;
X
a40
a:long

/a; w2S ¼ 24;

X
a40
a:long

/a; w3S ¼ 18;
X
a40
a:long

/a; w4S ¼ 10:

From Theorem 4, if ðs; lÞ ¼ ð1; 1Þ; we have a convergence condition as

Reð5b1 þ 6c1Þo0 and Reð3b1 þ 5c1Þo0:

And if ðs; lÞ ¼ ð3; 0Þ; we have

Reð6ðb1 þ b2 þ b3Þ � 1Þo0;which will be used in Theorem A:3: ð17Þ

4. Asymptotic behavior

Following [10], define a sum MRðfbig; fcjg;L; zÞ over a lattice L as

MRðfbig; fcjg;L; zÞ :¼
X
wAL

CRðfbig; fcjg; z þ wÞ; ð18Þ

where

CRðfbig; fcjg; xÞ :¼
Y
aAR
a:short

Qs
i¼1 ðq1�biþ/a;xSÞ

N

ðq1þ/a;xSÞ
N

Y
aAR
a:long

Ql
j¼1 ðq1�cjþ/a;xSÞ

N

ðq1þ/a;xSÞ
N

:

We call MRðfbig; fcjg;L; zÞ the Macdonald type sum. If ðs; lÞ is in the list of

Proposition 1, for L ¼ P or Q; we easily see that the sum MRðfbig; fcjg;L; zÞ does

not depend on zAEC and coincides with the constant CRðfbig; fcjg;LÞ:

MRðfbig; fcjg;L; zÞ ¼ JRðfbig; fcjg;L; zÞ
YRðfbig; fcjg; zÞ ¼ CRðfbig; fcjg;LÞ: ð19Þ

From (19) and Proposition 2, obviously we have

MRðfbig; fcjg;P; zÞ ¼ jP=QjMRðfbig; fcjg;Q; zÞ: ð20Þ
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We also define a sum MRðL; zÞ over a lattice L as

MRðL; zÞ :¼
X
wAL

Y
aAR

1

ðq1þ/a;zþwSÞ
N

 !
;

which does not depend on zAEC if L ¼ P or Q:

Proposition 5. The following relations hold for L ¼ P or Q:

MRðP; zÞ ¼ jP=QjMRðQ; zÞ and MRðQ; zÞ ¼ ðqÞn
N
:

Proof. See (57). &

We assume ðs; lÞ satisfies the condition in Proposition 1 under here. By Theorem 4,
the Macdonald type sum MRðfbig; fcjg;L; zÞ still has its meaning when bi and cj are

sufficiently negative.

Theorem 6. The Macdonald type sum MRðfbi � Ng; fcj � Ng;L; zÞ at N-þN is

the following:

lim
N-þN

MRðfbi � Ng; fcj � Ng;Q; zÞ ¼ ðqÞn
N
;

lim
N-þN

MRðfbi � Ng; fcj � Ng;P; zÞ ¼ jP=QjðqÞn
N
:

The following follows from Theorem 6 immediately:

Corollary 7. The asymptotic behavior of the Jackson integral JRðfbi � Ng;
fcj � Ng;L; zÞ at N-þN is following:

JRðfbi � Ng; fcj � Ng;Q; zÞ

Bð�1ÞðsR1þlR2ÞNqðsR1þlR2ÞNðNþ1Þ=2�ðb1þ?þbsÞR1N�ðc1þ?þcsÞR2N

� ðqÞn
N
YRðfbig; fcjg; zÞ;

JRðfbi � Ng; fcj � Ng;P; zÞ

Bð�1ÞðsR1þlR2ÞNqðsR1þlR2ÞNðNþ1Þ=2�ðb1þ?þbsÞR1N�ðc1þ?þcsÞR2N

� jP=QjðqÞn
N
YRðfbig; fcjg; zÞ;

where R1 and R2 are the number of all short and long positive roots respectively.

Before proving Theorem 6, we establish four lemmas.
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Lemma 8. Let DN be the set defined by

DN :¼
fwAP; j/a; wSjpN for all aARg if la0;

fwAP; j/a; wSjpN for all short aARg if l ¼ 0:

�
ð21Þ

Then,

lim
N-þN

X
wADN

CRðfbi � Ng; fcj � Ng; z þ wÞ ¼ MRðP; zÞ:

Proof. We denote by Fðw;NÞ and GðwÞ the numerator and denominator
of CRðfbi � Ng; fcj � Ng; z þ wÞ; respectively, i.e.,

CRðfbi � Ng; fcj � Ng; z þ wÞ ¼ Fðw;NÞ
GðwÞ ;

where

Fðw;NÞ :¼
Y
aAR
a:short

Ys

i¼1

ðq1�biþNþ/a;zþwSÞ
N

Y
aAR
a:long

Yl

j¼1

ðq1�cjþNþ/a;zþwSÞ
N
;

GðwÞ :¼
Y
aAR

ðq1þ/a;zþwSÞ
N
: ð22Þ

We assume e is an arbitrary positive number. If wADN ; the factor Fðw;NÞ is
bounded, so that

jFðw;NÞjoC1; ð23Þ
where C1 is a constant not depending on w and N: The factor GðwÞ is written as

GðwÞ ¼
Y
a40

ðq1þ/a;zþwSÞ
N
ðq1�/a;zþwSÞ

N
¼
Y
a40

yðq/a;zþwSÞ=ð1� q/a;zþwSÞ: ð24Þ

Using the quasi-periodicity (4) of the function yðxÞ; we have

yðq/a;zSÞ
yðq/a;zþwSÞ ¼ ð�1Þ/a;wS

q
1
2
/a;wS2þð/a;zS�1

2
Þ/a;wS: ð25Þ

From (24) and (25), it follows that

GðwÞ�1 ¼
Y
a40

ð�1Þ/a;wS
q
1
2
/a;wS2þð/a;zS�1

2
Þ/a;wSð1� q/a;zþwSÞ=yðq/a;zSÞ: ð26Þ

By using the Weyl denominator formula for (26), we have

jGðwÞ�1j ¼
Y
a40

ðq
1
2
/a;zþwS � q�1

2
/a;zþwSÞq

1
2
/a;wS2þ/a;zS/a;wSq

1
2
/a;zS=yðq/a;zSÞ

�����
�����

oC2

X
wAW

sgnwq/wr;zþwS

 !
q
P

a40

1
2
/a;wS2þ

P
a40

/a;zS/a;wS

�����
�����

oC2

X
wAW

jq
P

a40

1
2
/a;wS2þ

P
a40

/a;zS/a;wSþ/wr;zþwSj; ð27Þ
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where r ¼ 1
2

P
a40 a and C2 :¼ j

Q
a40 q

1
2/a;zS=yðq/a;zSÞj: Since the quadratic part

1

2

X
a40

/a; wS2

in (27) is positive definite for wAP; there exists a positive integer m1 such thatX
wAW

jq
P

a40

1
2
/a;wS2þ

P
a40

/a;zS/a;wSþ/wr;zþwSj oq
1
4

P
a40

/a;wS2

ð28Þ

for wefwAP; j/ai; wSjom1 for all i ¼ 1;y; ng: Since the sumX
wAP

q
1
4

P
a40

/a;wS2

converges, there exists a positive integer m2 such thatX
wAP�M2

q
1
4

P
a40

/a;wS2

o
e

3C1C2
; ð29Þ

where M2 ¼ fwAP; j/ai; wSjom2 for all i ¼ 1;y; ng: We set

M :¼ fwAP; j/ai; wSjomaxfm1;m2g for all i ¼ 1;y; ng;

which does not depend on N: Then, by (27)–(29), we haveX
wAP�M

jGðwÞ�1jo e
3C1

: ð30Þ

From (23) and (30), it follows thatX
wADN�M

jFðw;NÞGðwÞ�1joC1

X
wADN�M

jGðwÞ�1joe=3: ð31Þ

For wAM; there exists N0 such that

jFðw;NÞGðwÞ�1 � GðwÞ�1jo e
3jMj ð32Þ

for all N4N0: Hence, from (30)–(32), we obtain

X
wADN

Fðw;NÞGðwÞ�1 �
X
wAP

GðwÞ�1

�����
�����

o
X
wAM

jFðw;NÞGðwÞ�1 � GðwÞ�1j þ
X

wADN�M

jFðw;NÞGðwÞ�1j

þ
X

wAP�M

jGðwÞ�1joe: &

We still use notation in the proof of Lemma 8. Let D be the set of dominant
coweights defined by (10).
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Lemma 9. Let *a be the positive root defined by

*a :¼
the highest root if la0;

the highest root in short roots if l ¼ 0:

�

(See Examples in Section 3.) For a sufficiently large positive integer N and wAD � DN ;
there exists a constant C40 not depending on N and w such that

jCRðfbi � Ng; fcj � Ng; z þ wÞjoCq
N
4
/*a;wS:

Proof. For wAD � DN ; we divide Rþ into two sets as follows:

Rþ ¼ Aþ
w ,Bþ

w ; ð33Þ

where Aþ
w :¼ faARþ; 0p/a; wSpNg and Bþ

w :¼ faARþ;No/a; wSg: By definitions

(10) and (21), D � DN is described as

D � DN ¼ fwAD;No/*a; wSg: ð34Þ

From (34), it is obvious that

*aABþ
w if wAD � DN : ð35Þ

From (22) and (33), it follows that

Fðw;NÞ

¼
Y
a40
a:short

Ys

i¼1

ðq1�biþNþ/a;zþwSÞ
N

Y
a40
a:long

Yl

j¼1

ðq1�cjþNþ/a;zþwSÞ
N

�
Y
aAAþ

w
a:short

Ys

i¼1

ðq1�biþN�/a;zþwSÞ
N

Y
aAAþ

w
a:long

Yl

j¼1

ðq1�cjþN�/a;zþwSÞ
N

�
Y
aABþ

w
a:short

Ys

i¼1

ðq1�biþN�/a;zþwSÞ
N

Y
aABþ

w
a:long

Yl

j¼1

ðq1�cjþN�/a;zþwSÞ
N
: ð36Þ

The last factor appearing in (36) is equal to the following:

Y
aABþ

w
a:short

Ys

i¼1

ðq1�biþN�/a;zþwSÞ
N

Y
aABþ

w
a:long

Yl

j¼1

ðq1�cjþN�/a;zþwSÞ
N

¼
Y
aABþ

w
a:short

Ys

i¼1

yðqbiþ/a;zSþ/a;wS�NÞ
ðqbiþ/a;zSþ/a;wS�NÞ

N

Y
aABþ

w
a:long

Yl

j¼1

yðqcjþ/a;zSþ/a;wS�NÞ
ðqcjþ/a;zSþ/a;wS�NÞ

N
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¼
Y
aABþ

w
a:short

Ys

i¼1

ð�1Þ/a;wS
q�1

2
ð/a;wS�NÞ2�ðbiþ/a;zS�1

2
Þð/a;wS�NÞ

�
Y
aABþ

w
a:long

Yl

j¼1

ð�1Þ/a;wS
q�1

2
ð/a;wS�NÞ2�ðcjþ/a;zS�1

2
Þð/a;wS�NÞ

�
Y
aABþ

w
a:short

Ys

i¼1

yðqbiþ/a;zSÞ
ðqbiþ/a;zSþ/a;wS�NÞ

N

Y
aABþ

w
a:long

Yl

j¼1

yðqcjþ/a;zSÞ
ðqcjþ/a;zSþ/a;wS�NÞ

N

: ð37Þ

From (36) and (37), since the factors

Y
a40
a:short

Ys

i¼1

ðq1�biþNþ/a;zþwSÞ
N

Y
a40
a:long

Yl

j¼1

ðq1�cjþNþ/a;zþwSÞ
N
;

Y
aAAþ

w
a:short

Ys

i¼1

ðq1�biþN�/a;zþwSÞ
N

Y
aAAþ

w
a:long

Yl

j¼1

ðq1�cjþN�/a;zþwSÞ
N

and

Y
aABþ

w
a:short

Ys

i¼1

yðqbiþ/a;zSÞ
ðqbiþ/a;zSþ/a;wS�NÞ

N

Y
aABþ

w
a:long

Yl

j¼1

yðqcjþ/a;zSÞ
ðqcjþ/a;zSþ/a;wS�NÞ

N

appearing in Fðw;NÞ are bounded for wAD � DN ; there exists a constant C3 not
depending on w and N such that

jFðw;NÞjoC3

Y
aABþ

w
a:short

Ys

i¼1

q�1
2ð/a;wS�NÞ2�ðbiþ/a;zS�1

2Þð/a;wS�NÞ

��������
�
Y
aABþ

w
a:long

Yl

j¼1

q�1
2
ð/a;wS�NÞ2�ðcjþ/a;zS�1

2
Þð/a;wS�NÞ

��������
: ð38Þ

For GðwÞ�1; the factor ð1� q/a;zþwSÞ=yðq/a;zSÞ in (26) is bounded if wAD: Then there
exists a constant C4 not depending on w such that

jGðwÞ�1joC4

Y
a40

q
1
2
/a;wS2þð/a;zS�1

2
Þ/a;wS

�����
�����: ð39Þ
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Since ðs; lÞ satisfies the condition in Proposition 1, for i; j ¼ 1;y; n; we have

ðs � 1Þ
X
a40
a:short

/a; wiS/a; wjSþ ðl � 1Þ
X
a40
a:long

/a; wiS/a; wjS ¼ 0: ð40Þ

(See [8, p. 336], ðs; lÞ in Proposition 1 was chosen to satisfy (40).) This implies that

Y
a40

q
1
2
/a;wS2

¼
Y
a40
a:short

q
s
2
/a;wS2 Y

a40
a:long

q
l
2
/a;wS2

ð41Þ

and

Y
a40

q/a;zS/a;wS ¼
Y
a40
a:short

qs/a;zS/a;wS
Y
a40
a:long

ql/a;zS/a;wS: ð42Þ

By virtue of the convergence condition in Theorem 4, we obtain

Y
a40

q�1
2
/a;wS

�����
�����o

Y
a40
a:short

qðb1þ?þbs�s
2
Þ/a;wS

Y
a40
a:long

qðc1þ?þcl� l
2
Þ/a;wS

��������

��������
: ð43Þ

From (39), (41)–(43), it follows that

jGðwÞ�1j=C4

o
Y
a40
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

Y
a40
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������

��������
¼

Y
aAAþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

Y
aAAþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������
�
Y
aABþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

�
Y
aABþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������
: ð44Þ
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If sa0 and l ¼ 0; then it follows that

Y
aAAþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

Y
aAAþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������

��������
¼

Y
aAAþ

w
a:short

q
s
2
/a;wS2þReðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

¼
Y
aAAþ

w
a:short

q
s
2
ð/a;wSþ1

s
Reðb1þ?þbs�s

2
þs/a;zSÞÞ2� 1

2s
ðReðb1þ?þbs�s

2
þs/a;zSÞÞ2

p
Y
aAAþ

w
a:short

q� 1
2s
ðReðb1þ?þbs�s

2
þs/a;zSÞÞ2

o
Y
a40
a:short

q� 1
2s
ðReðb1þ?þbs�s

2
þs/a;zSÞÞ2 : ð45Þ

In the same way as (45), if s ¼ 0 and la0; then

Y
aAAþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

Y
aAAþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������

��������
o
Y
a40
a:long

q� 1
2l
ðReðc1þ?þcl� l

2þl/a;zSÞÞ2 : ð46Þ

Moreover, if sa0 and la0; then

Y
aAAþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

Y
aAAþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������

��������
o
Y
a40
a:short

q� 1
2s
ðReðb1þ?þbs�s

2
þs/a;zSÞÞ2 Y

a40
a:long

q� 1
2l
ðReðc1þ?þcl� l

2
þl/a;zSÞÞ2 : ð47Þ
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From (44)–(47), we have

jGðwÞ�1joC5

Y
aABþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

��������
�
Y
aABþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

��������
; ð48Þ

where C5 is a constant not depending on w and N such that

C5=C4 :¼

Q
a40
a:short

q� 1
2s
ðReðb1þ?þbs�s

2
þs/a;zSÞÞ2 if sa0; l ¼ 0;

Q
a40
a:long

q� 1
2l
ðReðc1þ?þcl� l

2
þl/a;zSÞÞ2 if s ¼ 0; la0;

Q
a40
a:short

q� 1
2s
ðReðb1þ?þbs�s

2
þs/a;zSÞÞ2

�
Q

a40
a:long

q� 1
2l
ðReðc1þ?þcl� l

2þl/a;zSÞÞ2 if sa0; la0:

8>>>>>>>>>>><
>>>>>>>>>>>:

From (38) and (48), it follows that
jCRðfbi � Ng; fcj � Ng; z þ wÞj ¼ jFðw;NÞGðwÞ�1j

oC3C5

Y
aABþ

w
a:short

q
s
2
/a;wS2þðb1þ?þbs�s

2
þs/a;zSÞ/a;wS

��������
� q�s

2ð/a;wS�NÞ2�ðb1þ?þbsþs/a;zS�s
2Þð/a;wS�NÞ

�
Y
aABþ

w
a:long

q
l
2
/a;wS2þðc1þ?þcl� l

2
þl/a;zSÞ/a;wS

� q� l
2
ð/a;wS�NÞ2�ðc1þ?þclþl/a;zS� l

2
Þð/a;wS�NÞ

��������
¼ C3C5

Y
aABþ

w
a:short

q
sN/a;wS

4
þsNð/a;wS�NÞ

2
þ s/a;wS

4
�s
2
þb1þ?þbsþs/a;zS

� �
N

��������
�
Y
aABþ

w
a:long

q
lN/a;wS

4
þlNð/a;wS�NÞ

2
þðl/a;wS

4
� l
2
þc1þ?þclþl/a;zSÞN

��������
: ð49Þ
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Let N be a large integer satisfying

sN

4
� s

2
þRe s/a; zSþ

Xs

i¼1

bi

 !
X0 and

lN

4
� l

2
þRe l/a; zSþ

Xl

j¼1

cj

 !
X0;

for aARþ: For aABþ
w ; if a are short and long, then we have

q
sNð/a;wS�NÞ

2
þ s/a;wS

4
�s
2
þb1þ?þbsþs/a;zS

� �
N

����
����p1;

and

jq
lNð/a;wS�NÞ

2
þ
�

l/a;wS
4

� l
2
þc1þ?þclþl/a;zS

�
N jp1

respectively. Therefore, from (49) and (35), we obtain

jCRðfbi � Ng; fcj � Ng; z þ wÞjoC3C5

Y
aABþ

w
a:short

q
sN/a;wS

4
Y
aABþ

w
a:long

q
lN/a;wS

4

oC3C5 q
N
4
/*a;wS;

which completes the proof. &

Lemma 10. Let s be a non-negative integer. Let Hs be the set of dominant coweights

lying on the hyperplane defined by /*a; wS ¼ s þ 1; i.e., Hs :¼ fwAD;/*a; wS ¼ s þ 1g:
Then

#Hsp
ðs þ 1Þðs þ 2Þ?ðs þ n � 1Þ

ðn � 1Þ! :

Proof. By definition, the highest root *a can be written *a ¼ p1a1 þ?þ pnan where
pi; i ¼ 1; 2;y; n; are non-zero positive integers. For w ¼ n1w1 þ?þ nnwnAD; the
condition /*a; wS ¼ s þ 1 is equivalent to p1n1 þ?þ pnnn ¼ s þ 1: Therefore, we
have

#Hs ¼ #fðn1;y; nnÞAðZX0Þn; p1n1 þ?þ pnnn ¼ s þ 1g:

Since integers pi are all positive, we have

#fðn1;y; nnÞAðZX0Þn; p1n1 þ?þ pnnn ¼ s þ 1g

p#fðn1;y; nnÞAðZX0Þn; n1 þ?þ nn ¼ s þ 1g: ð50Þ
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Counting up the integer points ðn1;y; nnÞAðZX0Þn satisfying n1 þ?þ nn ¼ s þ 1 by
induction on n; the RHS of (50) is equal to

ðs þ 1Þðs þ 2Þ?ðs þ n � 1Þ
ðn � 1Þ! :

This completes the proof. &

Lemma 11. Let N be a sufficiently large integer. The following holds for N:

X
wAP�DN

CRðfbi � Ng; fcj � Ng; z þ wÞ ¼ o q
N2

4

� �
ðN-þNÞ:

Proof. Since P and DN is W -stable, it follows that

P � DN ¼
[

wAW

wðD � DNÞ: ð51Þ

From (51), it follows thatX
wAP�DN

CRðfbi � Ng; fcj � Ng; z þ wÞ

¼
X

wAW

X
wAwðD�DN Þ

CRðfbi � Ng; fcj � Ng; z þ wÞ

¼
X

wAW

X
wAD�DN

CRðfbi � Ng; fcj � Ng;wz þ wÞ:

Thus, it is sufficient to prove that

X
wAD�DN

CRðfbi � Ng; fcj � Ng; z þ wÞ ¼ o q
N2

4

� �
ðN-þNÞ: ð52Þ

From Lemma 9, it follows that

X
wAD�DN

CRðfbi � Ng; fcj � Ng; z þ wÞ
�����

�����
p

X
wAD�DN

jCRðfbi � Ng; fcj � Ng; z þ wÞjoC
X

wAD�DN

q
N
4
/*a;wS: ð53Þ

By definition (34), D � DN is decomposed into Hs’s as follows:

D � DN ¼
[N
m¼0

HmþN :
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From Lemma 10, it follows that

X
wAD�DN

q
N
4
/*a;wS ¼

XN
m¼0

X
wAHmþN

q
N
4
/*a;wS ¼

XN
m¼0

ð#HmþNÞq
N
4
ðNþmþ1Þ

p
XN
m¼0

ðm þ N þ 1Þðm þ N þ 2Þ?ðm þ N þ n � 1Þ
ðn � 1Þ! q

NðmþNþ1Þ
4

¼ðN þ 1ÞðN þ 2Þ?ðN þ n � 1Þ
ðn � 1Þ! q

NðNþ1Þ
4 þ?;

so that

X
wAD�DN

q
N
4
/*a;wS

 !,
q

N2

4 p
Nn�1q

N
4

ðn � 1Þ!þ? - 0 ðN-þNÞ: ð54Þ

From (53) and (54) it follows (52), completing the proof of Lemma 11. &

We now prove Theorem 6.

Proof of Theorem 6. By using Lemma 11, we have

MRðfbi � Ng; fcj � Ng;P; zÞ

¼
X
wADN

CRðfbi � Ng; fcj � Ng; z þ wÞ

þ
X

wAP�DN

CRðfbi � Ng; fcj � Ng; z þ wÞ

¼
X
wADN

CRðfbi � Ng; fcj � Ng; z þ wÞ þ o q
N2

4

� �
ðN-þNÞ: ð55Þ

From Lemma 8 and (55), we obtain

lim
N-þN

MRðfbi � Ng; fcj � Ng;P; zÞ ¼ MRðP; zÞ: ð56Þ

In particular, when ðs; lÞ ¼ ð1; 1Þ it follows that

lim
N-þN

CRðb1 � N; c1 � N;PÞ ¼ lim
N-þN

MRðb1 � N; c1 � N;P; zÞ ¼ MRðP; zÞ:

On the other hand, from Proposition 3, we have

lim
N-þN

CRðb1 � N; c1 � N;PÞ ¼ jP=QjðqÞn
N
:

Thus we have established

MRðP; zÞ ¼ jP=QjðqÞn
N
: ð57Þ

By using (20), this argument is valid for MRðQ; zÞ ¼ ðqÞn
N
: The proof of Theorem 6 is

now complete. &
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Appendix A. Gustafson’s G2-type summation formula

We consider the sum JG2
ðb1; b2; b3; b4;P; zÞ of the case ðs; lÞ ¼ ð4; 0Þ for G2-type

root system. The aim of this section is to give another proof of the following theorem
established by Gustafson [5], as an application of Theorem 6:

Theorem A.1 (Gustafson). If qojqb1þb2þb3þb4 j2; the sum JG2
ðb1; b2; b3; b4;P; zÞ

converges and is expressed in the form (9). The constant CG2
ðb1; b2; b3; b4;PÞ is

expressed as

ðqÞ2
N
ðq1�b1�b2�b3�b4Þ

N

ðq1�2ðb1þb2þb3þb4ÞÞ
N

Y4
i¼1

ðq1�2biÞ
N

ðq1�biÞ
N

Y
1piojp4

ðq1�bi�bj Þ
N

�
Y

1piojokp4

ðq1�bi�bj�bkÞ
N
:

The former part of Theorem A.1 was mentioned in (16). Before proving the theorem,
we give a lemma in the next section. By using notation in Examples, we write the sum
JG2

ðb1; b2; b3; b4;P; zÞ explicitly as

JG2
ðb1; b2; b3; b4;P; zÞ ¼

X
wAP

FG2
ðb1; b2; b3; b4; z þ wÞDG2

ðz þ wÞ; ðA:1Þ

where

FG2
ðb1; b2; b3; b4; xÞ

¼
Y4
i¼1

qð1�2biÞ/2a1þa2;xS

� ðq1�biþ/a1;xSÞ
N

ðqbiþ/a1;xSÞ
N

ðq1�biþ/a1þa2;xSÞ
N

ðqbiþ/a1þa2;xSÞ
N

ðq1�biþ/2a1þa2;xSÞ
N

ðqbiþ/2a1þa2;xSÞ
N

ðA:2Þ

DG2
ðxÞ ¼ q

1
2
/a1;xS � q�1

2
/a1;xS

� �
q
1
2
/a1þa2;xS � q�1

2
/a1þa2;xS

� �

� q
1
2
/2a1þa2;xS � q�1

2
/2a1þa2;xS

� �
q
1
2
/a2;xS � q�1

2
/a2;xS

� �

� q
1
2
/3a1þa2;xS � q�1

2
/3a1þa2;xS

� �
q
1
2
/3a1þ2a2;xS � q�1

2
/3a1þ2a2;xS

� �
ðA:3Þ

and P ¼ Zw1 þ Zw2:
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A.1. Recurrence relation of JG2
ðb1; b2; b3; b4;P; zÞ

Lemma A.2. The recurrence relation of JG2
ðb1; b2; b3; b4;P; zÞ is the following:

JG2
ðb1 þ 1; b2; b3; b4; xÞ ¼ rG2

ðb1; b2; b3; b4ÞJG2
ðb1; b2; b3; b4;P; zÞ;

where

rG2
ðb1; b2; b3; b4Þ

¼ � ð1� qb1þb2Þð1� qb1þb3Þð1� qb1þb4Þ

� ð1� qb1þb2þb3Þð1� qb1þb2þb4Þð1� qb1þb3þb4Þ

� ð1� q2b1Þð1� q2b1þ1Þð1� qb1þb2þb3þb4Þ
q3b1ð1� qb1Þð1� q2ðb1þb2þb3þb4ÞÞð1� q2ðb1þb2þb3þb4Þþ1Þ:

Proof. We set the half sum of the positive roots and the fundamental weights as

r :¼ 1
2

X
a40

a ¼ 5a1 þ 3a2; Z1 :¼ 2a1 þ a2; Z2 :¼ 3a1 þ 2a2:

We denote by wa the reflection defined by waðxÞ :¼ x �/a3; xSa: The Weyl group
W is generated by wa1 and wa2 ; which is isomorphic to the dihedral group of order
12. For a function f ðxÞ; we denote by Af ðxÞ the alternating sum of f ðxÞ with the
action of W ; i.e.,

Af ðxÞ :¼
X

wAW

sgn w wf ðxÞ ¼
X

wAW

sgn w f ðw�1xÞ:

In particular, we use

AlðxÞ :¼ Aðq/l;xSÞ ¼
X

wAW

sgn w q/wl;xS:

The Weyl denominator formula says that

ArðxÞ ¼ DG2
ðxÞ: ðA:4Þ

From (A.2), it follows that

FG2
ðb1 þ 1; b2; b3; b4; xÞ

FG2
ðb1; b2; b3; b4; xÞ

¼ S3ðxÞ � ðqb1 þ q�b1ÞS2ðxÞ þ ðqb1 þ q�b1Þ2S1ðxÞ � ðqb1 þ q�b1Þ3; ðA:5Þ

where

S1ðxÞ ¼ ðq/a1;xS þ q�/a1;xSÞ þ ðq/a1þa2;xS þ q�/a1þa2;xSÞ

þ ðq/2a1þa2;xS þ q�/2a1þa2;xSÞ;
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S2ðxÞ ¼ ðq/a1;xS þ q�/a1;xSÞðq/2a1þa2;xS þ q�/2a1þa2;xSÞ

þ ðq/a1;xS þ q�/a1;xSÞðq/a1þa2;xS þ q�/a1þa2;xSÞ

þ ðq/a1þa2;xS þ q�/a1þa2;xSÞðq/2a1þa2;xS þ q�/2a1þa2;xSÞ;

S3ðxÞ ¼ ðq/a1;xS þ q�/a1;xSÞðq/a1þa2;xS þ q�/a1þa2;xSÞ

� ðq/2a1þa2;xS þ q�/2a1þa2;xSÞ:

Each SjðxÞ satisfies the following equations:

S1ðxÞArðxÞ ¼ ArþZ1ðxÞ �ArðxÞ; ðA:6Þ

S2ðxÞArðxÞ ¼ ArþZ2ðxÞ � 2ArðxÞ; ðA:7Þ

S3ðxÞArðxÞ ¼ Arþ2Z1ðxÞ �ArþZ2ðxÞ �ArþZ1ðxÞ þ 2ArðxÞ: ðA:8Þ

For simplicity we abbreviate FG2
ðb1; b2; b3; b4; xÞ to FG2

ðxÞ: We define JZðzÞ by

JZðzÞ :¼
X
wAP

FG2
ðz þ wÞArþZðz þ wÞ: ðA:9Þ

By this definition and (A.4), it is obvious that J0ðzÞ ¼ JG2
ðb1; b2; b3; b4;P; zÞ: From

(A.5)–(A.8), we get

JG2
ðb1 þ 1; b2; b3; b4;P; zÞ

¼ ðJ2Z1ðzÞ � JZ2ðzÞ � JZ1ðzÞ þ 2J0ðzÞÞ � ðqb1 þ q�b1ÞðJZ2ðzÞ � 2J0ðzÞÞ

þ ðqb1 þ q�b1Þ2ðJZ1ðzÞ � J0ðzÞÞ � ðqb1 þ q�b1Þ3J0ðzÞ: ðA:10Þ

For a function jðxÞ; we define rwjðxÞ as

rwjðxÞ :¼ jðxÞ � FG2
ðx þ wÞ

FG2
ðxÞ jðx þ wÞ for wAP:

Then, we obtainX
lAP

FG2
ðz þ lÞrwjðz þ lÞ ¼ 0; ðA:11Þ

because the sum
P

lAP FG2
ðz þ lÞjðz þ lÞ defined over the lattice P is invariant

under the shift z-z þ w for wAP: Equation (A.11) implies thatX
lAP

FG2
ðz þ lÞArwjðz þ lÞ ¼ 0: ðA:12Þ

In particular, for the fundamental coweight w2AP; it follows that

FG2
ðx þ w2Þ

FG2
ðxÞ ¼ q4�2ðb1þb2þb3þb4Þ

Y4
i¼1

ð1� qbiþ/a1þa2;xSÞð1� qbiþ/2a1þa2;xSÞ
ð1� q1�biþ/a1þa2;xSÞð1� q1�biþ/2a1þa2;xSÞ:
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Moreover, for rw2jðxÞ; we now take jðxÞ as

jðxÞ ¼ q/m1a1þm2a2;xSþ2ðb1þb2þb3þb4Þ
Y4
i¼1

ð1� q�biþ/a1þa2;xSÞð1� q�biþ/2a1þa2;xSÞ

of the cases ðm1;m2Þ ¼ ð�5;�4Þ; ð�3;�3Þ and ð�3;�4Þ: Then, after some direct
calculation of Arw2jðxÞ for jðxÞ above, by using (A.9) and (A.12), we obtain the

following three equations:

0 ¼ ð1þ B4ÞJZ1ðzÞ � ðB1 þ B2 þ B3ÞJ0ðzÞ; ðA:13Þ

0 ¼ð1� qB2
4ÞJ2Z1ðzÞ þ ½B4 � B1 � B2 þ qB4ðB3 þ B2 � 1ÞJZ1ðzÞ

þ ½B2 þ B1B2 þ B1B3 � B2B4 � B3B4

� qðB1 þ B2 � B1B3 � B2B3 � B2B4ÞJ0ðzÞ; ðA:14Þ

0 ¼ðB1B4 þ B2
4 � 1� B3ÞJ2Z1ðzÞ þ ðB1 þ B2 � B2B3 � B2B4ÞJZ2ðzÞ

þ ðB1 � B1B2 þ B2B3 � B3B4ÞJZ1ðzÞ

þ B2ðB3 þ B4 � 1� B1ÞJ0ðzÞ; ðA:15Þ

where Bj is the jth elementary symmetric polynomial of qbi ; i.e., B1 ¼ qb1 þ qb2 þ
qb3 þ qb4 ; B2 ¼ qb1þb2 þ qb1þb3 þ qb1þb4 þ qb2þb3 þ qb2þb4 þ qb3þb4 ; B3 ¼ qb1þb2þb3 þ
qb1þb2þb4 þ qb1þb3þb4 þ qb2þb3þb4 ; B4 ¼ qb1þb2þb3þb4 : By eliminating J2Z1ðzÞ; JZ2ðzÞ and

JZ1ðzÞ from Eqs. (A.10), (A.13)–(A.15), we eventually obtain the recurrence relation

in Lemma A.2. &

A.2. Application of Theorem 6

Proof of Theorem A.1. From (19), Lemma A.2 and the recurrence relation of
YG2

ðb1; b2; b3; b4;P; zÞ

YG2
ðb1 þ 1; b2; b3; b4;P; zÞ ¼ �q3b1YG2

ðb1; b2; b3; b4;P; zÞ; ðA:16Þ

it follows that

CG2
ðb1; b2; b3; b4;P; zÞ

¼ JG2
ðb1; b2; b3; b4;P; zÞ

YG2
ðb1; b2; b3; b4;P; zÞ

¼
Y4
i¼1

ðq1�2biÞ2N

ðq1�biÞN

Y
1piojp4

ðq1�bi�bj Þ2N

Y
1piojokp4

ðq1�bi�bj�bkÞ3N

� ðq1�b1�b2�b3�b4Þ4N

ðq1�2ðb1þb2þb3þb4ÞÞ8N

JRðb1 � N; b2 � N; b3 � N; b4 � N;P; zÞ
YRðb1 � N; b2 � N; b3 � N; b4 � N;P; zÞ
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¼
Y4
i¼1

ðq1�2biÞ2N

ðq1�biÞN

Y
1piojp4

ðq1�bi�bj Þ2N

Y
1piojokp4

ðq1�bi�bj�bkÞ3N

� ðq1�b1�b2�b3�b4Þ4N

ðq1�2ðb1þb2þb3þb4ÞÞ8N

MG2
ðb1 � N; b2 � N; b3 � N; b4 � N;P; zÞ

¼ ðq1�b1�b2�b3�b4Þ
N

ðq1�2ðb1þb2þb3þb4ÞÞ
N

Y4
i¼1

ðq1�2biÞ
N

ðq1�biÞ
N

�
Y

1piojp4

ðq1�bi�bj Þ
N

Y
1piojokp4

ðq1�bi�bj�bkÞ
N

� lim
N-þN

MG2
ðb1 � N; b2 � N; b3 � N; b4 � N;P; zÞ: ðA:17Þ

Combining (A.17) and Theorem 6, we obtain Theorem A.1. &

Remark. For the constant CF4
ðb1; b2; b3;PÞ of the case ðs; lÞ ¼ ð3; 0Þ for

F4-type root system, we have the following theorem to do the same process
as above:

Theorem A.3. If qojqb1þb2þb3 j6; the sum JF4
ðb1; b2; b3;P; zÞ converges and is expressed

in form (9). The constant CF4
ðb1; b2; b3;PÞ is expressed as follows:

CF4
ðb1; b2; b3;PÞ

¼ ðqÞ4
N
ðq1�b1�b2Þ

N
ðq1�b2�b3Þ

N
ðq1�b1�b3Þ

N

� ðq1�b1�2b2Þ
N
ðq1�b1�2b3Þ

N
ðq1�b2�2b1Þ

N

� ðq1�b2�2b3Þ
N
ðq1�b3�2b1Þ

N
ðq1�b3�2b2Þ

N

� ðq1�b1�b2�b3Þ
N
ðq1�b1�b2�2b3Þ

N
ðq1�b1�2b2�b3Þ

N
ðq1�2b1�b2�b3Þ

N

� ðq1�b1�2b2�2b3Þ
N
ðq1�2b1�b2�2b3Þ

N
ðq1�2b1�2b2�b3Þ

N
ðq1�2b1�2b2�2b3Þ

N

� ðq1�3b1�3b2�3b3Þ
N

ðq1�6b1�6b2�6b3Þ
N

Y3
i¼1

ðq1�2biÞ
N

ðq1�biÞ
N

ðq1�3biÞ
N

ðq1�biÞ
N

:

Proof. The former part was mentioned in (17). For evaluation of the constant
CF4

ðb1; b2; b3;PÞ; see [9]. &
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